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CANONICAL VARIATION OF A LORENTZIAN METRIC
BENJAMI´N OLEA
Abstract. Given a Lorentzian manifold (M, gL) and a timelike unitary vector
field E, we can construct the Riemannian metric gR = gL+2ω⊗ω, being ω the
metrically equivalent one form to E. We relate the curvature of both metrics,
especially in the case of E being Killing or closed, and we use the relations
obtained to give some results about (M, gL).
1. Introduction
Given a Lorentzian manifold (M, gL) and a timelike unitary vector field E ∈
X(M) we can construct the Riemannian metric
(1) gR = gL + 2ω ⊗ ω,
being ω the gL-metrically equivalent one form to E. This construction is frequently
used to exploit the positive definiteness of gR, which provides some conclusions
about gL. For example, in [8] it is used to prove, under suitable conditions, the
existence of periodic timelike geodesics in a compact Lorentzian manifold and in [3]
to give a Bernstein theorem for lightlike hypersurfaces in Rn1 . A similar construction
has also been used to induce a Riemannian metric on a lightlike hypersurface of a
Lorentzian manifold, which allows to define its extrinsic scalar curvature, [1]. Some
aspects of Lorentzian metrics constructed in this way haven been studied in [21]
and [22].
The dual construction of (1), i.e., given a Riemannian manifold (M, gR) define
the Lorentzian metric
(2) gL = gR − 2ω ⊗ ω,
is also interesting because it provides some important examples of Lorentzian man-
ifold, [11, 14, 25].
In this paper, we consider a Riemannian or a Lorentzian manifold (M, g) and
a (timelike in the Lorentzian case) unitary vector field E ∈ X(M). We call ε =
g(E,E) and define, for t 6= −ε,
gt = g + tω ⊗ ω.
This metric is Lorentzian if t < −ε and Riemannian if −ε < t. We call it the
canonical variation of g along E due to its analogy with the canonical variation
of a Riemannian submersion, where the metric of the fibres is multiplied by a
parameter t, [5]. In [23], the metric gt is also called variation of g and it is used to
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contruct a Riemann metric with strictly positive sectional curvature from another
Riemann metric with nonnegative sectional curvature.
Obviously, the construction (1) corresponds to t = 2 and ε = −1 and (2) to
t = −2 and ε = 1 and we call them standard canonical variation.
Observe that metrics gR and gL in (1) and (2) are related in the same way and
therefore it would be sufficient just to study, for example, the metric gR constructed
in (1) to obtain analog results for gL constructed in (2). Nevertheless, the intro-
duction of the parameters t and ε allows us to handle jointly (1) and (2), obtaining
formulas easily adaptable to each case.
We use X,Y, Z letters for othogonal vector fields to E and U, V,W for arbitrary
vector fields. We write the geometric objects derived from gt with a t subscript,
except for the connection which will be denoted by ∇t. For example Kt, Rict and
St are the sectional, Ricci and scalar curvature of gt respectively. When we deal
with gL, gR or g we use a L, R or no subscript respectively.
In the second section, we show a formula relating the difference tensor of the
connections ∇t and ∇, the exterior differential of ω and the Lie derivative LEg.
We also introduce the notion of vector field with normal associated endomorphism,
which extends the notion of closed or conformal vector field. This concept will
be useful to simplify the computation of the curvature of the canonical variation
that are made in the third section. In section 4 we consider the standard canonical
variation along a Killing unitary vector field and we obtain some inequalities about
the curvature. We use the Berger theorem to show that if there exists a timelike
unitary Killing vector field in a compact Lorentzian manifold with negative sectional
curvature on timelike planes, then it has odd dimension. We also use Bochner
techniques to give an integral inequality in a compact Lorentzian manifold furnished
with a timelike Killing vector field. In the fifth section we give a result about the
geodesic completeness of the canonical variation along a closed vector field and
in the last section we consider how a lightlike hypersurface is transformed under
standard canonical variation. We also give some sufficient conditions for a compact
lightlike hypersurface to be totally geodesic.
2. Preliminaries
From now on, let (M, g) be a Riemannian or a Lorentzian manifold, E ∈ X(M)
a (timelike in the Lorentzian case) unitary vector field, ω its metrically equivalent
one form and ε = g(E,E).
Definition 2.1. Fixed t ∈ R−{−ε}, the canonical variation of g along E is defined
as
(3) gt = g + tω ⊗ ω.
If t = −2ε, then it is called the standard canonical variation of g.
Example 2.2. We give some examples of the standard canonical variation of a
Riemannian manifold.
(1) The standard canonical variation along any parallel vector field in the Eu-
clidean space gives us the Minkowski space.
(2) Consider the hyperbolic space Hn =
(
Rn, dx21 + e
2x1
∑n
i=2 dx
2
i
)
. The stan-
dard canonical variation along E = ∂x1 gives us −dx21 + e2x1
∑n
i=2 dx
2
i ,
which is a piece of Sn1 . On the other hand, if we take E = e
−x1∂xn , the
CANONICAL VARIATION OF A LORENTZIAN METRIC 3
standard canonical variation is dx21 + e
2x1
(∑n−1
i=2 dx
2
i − dx2n
)
, which is a
piece of Hn1 .
(3) Fix v ∈ Rn and let f : Sn−1 → R be given by f(p) = p ·v. Take Sn−1+ = {p ∈
Sn−1 : f(p) > 0} with its induced metric g0. Since Hessf = −fg0, we have
that
(
S
n−1
+ × R, g0 + f2dt2
)
is an open set of Sn. The standard canonical
variation along E = 1
f
∂t is the piece of S
n
1 given by
(
S
n−1
+ × R, g0 − f2dt2
)
.
(4) The Lorentzian Berger spheres are obtained as the standard canonical vari-
ation along the Hopf vector field of the Euclidean spheres S2n+1.
(5) The Lie group SL2(R) can be furnished with the bi-invariant Lorentzian
metric given by < X, Y >L=
1
2 tr(XY ) or with the Riemannian left-invariant
metric given by < X, Y >R=
1
2 tr(XY
t), being X,Y ∈ sl2(R). If we call
E =
(
0 1
−1 0
)
∈ sl2(R),
then it is easy to show that <>R is the standard canonical variation of <>L
along E. Recall that (SL2(R), <>L) is isometric to H
3
1.
We call Dt = ∇t −∇ the difference tensor. We can relate this tensor, LEg and
ω as follows.
Proposition 2.3. Given U, V,W ∈ X(M), it holds
(4) gt(D
t(U, V ),W ) =
t
2
(
ω(W ) (LEg) (U, V )+ω(U)dω(V,W )+ω(V )dω(U,W )
)
.
Proof. We can suppose that Lie brackets vanish. By the Koszul formula and equa-
tion (3) we have
2gt(∇tUV,W ) = 2g(∇UV,W ) + t
(
U
(
ω ⊗ ω(V,W ))+ V (ω ⊗ ω(U,W ))
− W (ω ⊗ ω(U, V ))
= 2g(∇UV,W ) + t
(∇U (ω ⊗ ω)(V,W ) +∇V (ω ⊗ ω)(U,W )
− ∇W (ω ⊗ ω)(U, V )
)
+ 2tω ⊗ ω(W,∇UV ).
Using again equation (3),
gt(D
t(U, V ),W ) =
t
2
(
∇U (ω ⊗ ω)(V,W ) +∇V (ω ⊗ ω)(U,W )−∇W (ω ⊗ ω)(U, V )
)
.
Now, since dω(U, V ) = (∇Uω) (V ) − (∇V ω) (U) and (LEg) (U, V ) = (∇Uω) (V ) +
(∇V ω) (U), the right hand of the above expression is
t
2
(
ω(W ) (LEg) (U, V ) + ω(V )dω(U,W ) + ω(U)dω(V,W )
)
.

We have the following consequences.
Corollary 2.4. Take V,W,X, Y ∈ X(M) with X,Y ∈ E⊥.
(1) g(Dt(X,V ), X) = 0.
(2) g(Dt(V,E), E) = 0.
(3) gt(D
t(V,E),W )+gt(D
t(W,E), V ) = t
(
ω(V )g(W,∇EE)+ω(W )g(V,∇EE)
)
.
(4) ∇tEE = (1 + εt)∇EE.
(5) Dt(X,Y ) = t2(1+εt) (LEg) (X,Y )E.
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(6) (LEgt) (X,Y ) = (LEg) (X,Y ). In particular, if E is orthogonally confor-
mal for g, then it is also orthogonally conformal for gt.
(7) divtV = divV .
We need to introduce the following concepts for next sections.
Definition 2.5. The associated endomorphism to a vector field U ∈ X(M) is
AU : X(M)→ X(M) given by AU (V ) = ∇V U .
Let A∗U be the adjoint endomorphism of AU . If g(AU (V ), AU (V )) = g(A
∗
U (V ), A
∗
U (V ))
for all V ∈ X(M), or equivalently, AU and A∗U commutes, then AU is called normal.
Definition 2.6. Let E ∈ X(M) be a unitary vector field. AE is orthogonally
normal if g(AE(X), AE(X)) = g(A
∗⊥
E (X), A
∗⊥
E (X)) for all X ∈ E⊥, being A∗⊥E (X)
the orthogonal component to E.
If AE is orthogonally normal, then it is easy to show that AE is normal if and
only if E is geodesic. Moreover, if U ∈ X(M) with AU normal and E is its unitary,
then AE is orthogonally normal.
Example 2.7. We give some examples of vector field with normal associated en-
domorphism.
(1) The associated endomorphism of a closed vector field is normal.
(2) If U is a conformal vector field, then A∗U = 2ρ · id − AU for certain ρ ∈
C∞(M) and thus it is straightforward to check that AU is normal.
(3) AU is normal if and only if its associated matrix respect to a frame field is
normal (it commutes with its transpose). Using this, it is easy to check that
U = (x+y)∂x+(y+z)∂y+(x+z)∂z has normal associated endomorphism in
R3 and so its unitary E has orthogonally normal associated endomorphism
in R3 − {0}. Observe that U is not closed neither conformal.
(4) Let G be a Lie group with a bi-invariant metric g. If U is any left-invariant
vector field, then A∗U (X) = −AU (X) and hence it is normal.
Proposition 2.8. Let (M, g) be a semi-Riemannian manifold, U ∈ X(M) a vector
field with normal associated endomorphism and M a nondegenerate hypersurface
of M with unitary normal N . The projection of U onto M has normal associated
endomorphism if and only if
g(AU (X), N)
2 − g(X,AU (N))2 = 2g(U,N)
(
g(AU (X), S(X))− g(AU (S(X)), X)
)(5)
for all X ∈ X(M), being S the shape operator of M .
Proof. Take δ = g(N,N) = ±1 and write U = V + δg(U,N)N with V ∈ X(M).
Call AV (X) = tan(∇XV ), where tan(·) denotes the projection onto M . Given
X ∈ X(M),
AV (X) = tan (AU (X))− δg(U,N)∇XN,
A∗V (X) = tan (A
∗
U (X))− δg(U,N)∇XN.
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Therefore,
g(AV (X), AV (X)) = g(tan(AU (X)), tan(AU (X)))− 2δg(U,N)g(∇XN,AU (X))
+ g(U,N)2g(∇XN,∇XN)
= g(AU (X), AU (X))− δg(AU (X), N)2 − 2δg(U,N)g(∇XN,AU (X))
+ g(U,N)2g(∇XN,∇XN).
Analogously,
g(A∗V (X), A
∗
V (X)) = g(A
∗
U (X), A
∗
U (X))− δg(A∗U (X), N)2 − 2δg(U,N)g(∇XN,A∗U (X))
+ g(U,N)2g(∇XN,∇XN).
Hence, AV is normal if and only if equation (5) holds. 
Example 2.9. Above proposition provides more examples of vector fields with nor-
mal associated endomorphism.
(1) If U is tangent to M and it has normal associated endomorphism, then
the restriction of U to M also has normal associated endomorphism since
equation (5) holds trivially.
(2) The projection of a Killing vector field onto an umbilic hypersurface has
normal associated endomorphism, since equation (5) holds in this case.
Observe that the projection of a Killing vector field onto a hypersurface is
also a Killing vector field if and only if the hypersurface is totally geodesic.
3. Curvature of the canonical variation
To relate the curvature tensor R of a metric g and the curvature tensor Rt of its
canonical variation gt we need the following general lemma.
Lemma 3.1. Let ∇ and ∇t be two arbitrary connections on a manifold M with
curvature tensors R and Rt respectively. Given U, V,W ∈ X(M) we have
RtUVW = RUVW + (∇UDt)(V,W )− (∇VDt)(U,W )
+ Dt(U,Dt(V,W ))−Dt(V,Dt(U,W )).(6)
Theorem 3.2. Let (M, g) be a Riemannian or a Lorentzian manifold and gt the
canonical variation along a (timelike) unitary vector field E with AE orthogonally
normal. Given X ∈ E⊥
gt(R
t
XEE,X) = g(RXEE,X) + t
(
εg(∇XAE(E), X)− g(AE(E), X)2
)
+
t(2ε+ t)
2
(
g(AE(X), AE(X))− g(A2E(X), X)
)
.
Proof. Applying equation (6), we have
g(RtXEE −RXEE,X) = g((∇XDt)(E,E), X)− g((∇EDt)(X,E), X)
+g(Dt(X,Dt(E,E)), X)− g(Dt(E,Dt(X,E)), X).
We compute each term applying proposition 2.3. The first one is g((∇XDt)(E,E), X) =
εtg(∇X∇EE,X)− εtdω(∇XE,X). For the second one we use corollary 2.4.
g((∇EDt)(X,E), X) = −gt(Dt(X,E),∇EX)− gt(Dt(∇EX,E), X)
= −tg(E,∇EX)g(∇EE,X)
= tg(∇EE,X)2.
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The third one is zero since Dt(E,E) ⊥ E. The last one.
g(Dt(E,Dt(X,E)), X) =
εt
2
dω(Dt(X,E), X)
=
εt
2
(
g(∇Dt(X,E)E,X)− gt(Dt(X,E),∇XE)
)
=
εt
2
(
g(∇Dt(X,E)E,X)−
εt
2
dω(X,∇XE)
)
.
Now, we have dω(AE(X), X) = g(A
2
E(X), X)− g(AE(X), AE(X)) and
g(AE(D
t(X,E)), X) =
εt
2
(
g(AE(X), A
∗⊥
E (X))− g
(
A∗⊥E (X), A
∗⊥
E (X)
))
.
Therefore, sinceAE is orthogonally normal,
(
ε+ t4
)
dω(∇XE,X)+ ε2g(∇Dt(X,E)E,X) =
2ε+t
2
(
g(A2E(X)), X)− g(AE(X), AE(X))
)
and we obtain the desired result. 
Corollary 3.3. Let (M, g) be a Riemannian or Lorentzian surface and gt the
canonical variation of g along a (timelike) unitary and geodesic vector field E. If
K and Kt denote the Gauss curvature of g and gt respectively, then K
t = 11+εtK.
Corollary 3.4. Let (M, gR) be a Riemannian manifold and gt the canonical vari-
ation along a unitary vector field E with AE normal. If Π is a plane containing E,
then
Kt(Π) ≤ 1
1 + t
KR(Π) for t ∈ (−∞,−2) ∪ (−1, 0),
Kt(Π) ≥ 1
1 + t
KR(Π) for t ∈ (−2,−1) ∪ (0,∞).
In particular, if gL is the standard canonical variation, then KL(Π) = −KR(Π).
Proof. Since AE(X) ⊥ E, we have
g(A2E(X), X) ≤
√
g(AE(X), AE(X))
√
g(A∗⊥E (X), A
∗⊥
E (X)) = g(AE(X), AE(X)).
Using that E is geodesic and theorem 3.2 we get the result. 
Corollary 3.5. Let (M, g) be a Lorentzian or Riemannian manifold and gt the
canonical variation along a (timelike) unitary vector field E with AE orthogonally
normal. Then
Rict(E,E) = Ric(E,E) + εt div∇EE + t(2ε+ t)
2
(||A′E ||2 − tr(A′2E)),
where A′E is the restriction to E
⊥ of AE. In particular, if (M, gR) is a Riemannian
compact manifold,∫
M
Rict(E,E)dgt ≤
√
|1 + t|
∫
M
Ric(E,E)dgR for t ∈ (−∞,−2) ∪ (0,∞),∫
M
Rict(E,E)dgt ≥
√
|1 + t|
∫
M
Ric(E,E)dgR for t ∈ (−2,−1)
and if gL is the standard canonical variation, then
∫
M
RicL(E,E)dgL =
∫
M
Ric(E,E)dgR.
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Proof. From theorem 3.2 we have
Rict(E,E) = Ric(E,E) + t
(
ε(div∇EE − εg(∇E∇EE,E))− g(∇EE,∇EE)
)
+
t(2ε+ t)
2
(||A′E ||2 − tr(A′2E))
= Ric(E,E) + εtdiv∇EE + t(2ε+ t)
2
(||A′E ||2 − tr(A′2E)) .
For the second part, we take into account that the canonical volume forms of gt
and g are related by dgt =
√
|1 + t|dgR and that ||A′E ||2 − tr(A′2E) ≥ 0 because AE
is orthogonally normal. 
Theorem 3.6. Let (M, g) be a Riemannian or Lorentzian manifold and gt the
canonical variation along a (timelike) unitary vector field E. If X,Y ∈ E⊥, then
gt(R
t
XY Y,X) = g(RXY Y,X)
+
t
1 + εt
(
g(AE(X), X)g(AE(Y ), Y )− g(AE(X), Y )g(AE(Y ), X)
− 4 + 3εt
4
dω(X,Y )2
)
.
Proof. From equation (2.3),
g(RtXY Y −RXY Y,X) = g((∇XDt)(Y, Y ), X)− g((∇YDt)(X,Y ), X)
+ g(Dt(X,Dt(Y, Y )), X)− g(Dt(Y,Dt(X,Y )), X).
We compute each term using proposition 2.3. Ther fisrt one.
g((∇XDt)(Y, Y ), X) = − t
2(1 + εt)
(LEg) (Y, Y )g(E,∇XX)− tg(E,∇XY )dω(Y,X)
=
t
1 + εt
g(∇Y E, Y )g(X,∇XE) + tg(Y,∇XE)g(∇Y E,X)
− tg(∇XE, Y )2.
The second term.
g((∇YDt)(X,Y ), X) = − t
2(1 + εt)
(LEg) (X,Y )g(E,∇YX)− t
2
g(E,∇YX)dω(Y,X)
=
t
2
g(∇Y E,X)
(
1
1 + εt
(LEg) (X,Y ) + dω(Y,X)
)
=
t(2 + εt)
2(1 + εt)
g(∇YE,X)2 − εt
2
2(1 + εt)
g(∇XE, Y )g(∇Y E,X).
The third one vanishes. Using corollary 2.4, the last one is g(Dt(Y,Dt(X,Y )), X) =
εt2
4(1+εt)
(
g(∇YE,X)2 − g(Y,∇XE)2
)
.
Now,
gt(R
t
XY Y,X)− g(RXY Y,X) =
t
1 + εt
g(∇XE,X)g(∇YE, Y )
+
t
2(1 + εt)
(
(2 + 3εt)g(∇XE, Y )g(∇Y E,X)− 4 + 3εt
2
(g(∇XE, Y )2 + g(∇Y E,X)2)
)
=
t
1 + εt
(
g(∇XE,X)g(∇YE, Y )− g(∇XE, Y )g(∇Y E,X)− 4 + 3εt
4
dω(X,Y )2
)
.

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Example 3.7. A Riemannian manifold (M, gR) is called of quasi-constant sectional
curvature if there exists a unitary vector field E ∈ X(M) such that the sectional
curvature of any plane only depends on the basepoint and the angle between the
plane and E, [6, 9]. On the other hand, a Lorentzian manifold (M, gL) is called
infinitesimal null isotropy if there exists a timelike unitary vector field E ∈ X(M)
such that the lightlike sectional curvature respect to E only depends on the base-
point, [15, 16]. After theorems 3.2 and 3.6 we can easily check both definitions are
equivalent in their respective settings.
Indeed. Suppose that (M, gR) is a Riemannian manifold of quasi-constant sec-
tional curvature. If we call ω and θ the one forms metrically equivalent to E
and ∇EE respectively, then it is known that ∇RXE = λX, dω(X,Y ) = 0 and(∇RXθ) (Y ) − θ(X)θ(Y ) = γgR(X,Y ), being X,Y ∈ E⊥ and λ, γ functions on M ,
[9]. Take gL the standard canonical variation along E. Using above formulas and
theorems 3.2 and 3.6, it is easy to show that, in (M, gL), the sectional curvature
of planes orthogonal to E and planes containing E only depends on the basepoint,
which implies that it is infinitesimal null isotropy. In the same manner, we can
check that if (M, gL) is a Lorentzian manifold infinitesimal null isotropy, then the
standard canonical variation is a Riemannian manifold of quasi-constant sectional
curvature.
Corollary 3.8. Let (M, g) be a Riemannian or Lorentzian manifold and gt the
canonical variation along a (timelike) unitary vector field E with AE orthogonally
normal. Given X ∈ E⊥,
Rict(X,X) = Ric(X,X)− t
1 + εt
g(RXEE,X) +
t
1 + εt
g(AE(X), X)div E
+
εt2
1 + εt
g(A2E(X), X)− tg(AE(X), AE(X))
+
t
1 + εt
(
g(∇XAE(E), X)− εg(AE(E), X)2
)
.
Proof. Take {e1, . . . , Et} an orthonormal basis for gt with Et = 1√|t+ε|E. Using
theorem 3.2,
gt(R
t
EtX
X,Et) =
1
|ε+ t|g(RXEE,X) +
t
|ε+ t|
(
εg(∇X∇EE,X)− g(∇EE,X)2
)
+
t(2ε+ t)
2|ε+ t|
(
g(AE(X), AE(X))− g(A2E(X), X)
)
.
On the other hand, from theorem 3.6,
n−1∑
i=1
gt(R
t
eiX
X, ei) =
n−1∑
i=1
g(ReiXX, ei)+
t
1 + εt
(
g(AE(X), X)div E − g(X,A2E(X))−
4 + 3εt
4
n−1∑
i=1
dω(X, ei)
2
)
.
CANONICAL VARIATION OF A LORENTZIAN METRIC 9
But now observe that
n−1∑
i=1
dω(X, ei)
2 = g(AE(X), AE(X)) + g(A
∗⊥
E (X), A
∗⊥
E (X))− 2g(X,A2E(X))
= 2g(AE(X), AE(X))− 2g(X,A2E(X)),
where the last equality holds because AE is orthogonally normal. Putting all to-
gether we obtain the result. 
Corollary 3.9. Let (M, g) be a Riemannian or Lorentzian manifold and gt the
canonical variation along a (timelike) unitary vector field E with AE orthogonally
normal. The scalar curvatures St and S are related by
St = S − 2t
1 + εt
Ric(E,E) +
2t
1 + εt
div∇EE − tg(∇EE,∇EE)
+
t
1 + εt
(
tr(A′E)
2 − tr(A′2E)
)
+
εt2
2(1 + εt)
(
tr(A′2E)− ||A′E ||2
)
,
where A′E is the restriction to E
⊥ of AE .
Proof. We only have to apply corollaries 3.5 and 3.8. 
Example 3.10. We can easily construct a Riemannian odd sphere with constant
negative scalar curvature. Indeed, if we take gt the canonical variation along the
Hopf vector field, since it is unitary and Killing, from above corollary, St = 2n(2n+
1− t), which is negative for t large enough.
Finally, we compute gt(R
t
EXX,Y ), being X,Y ∈ E⊥, which will be useful later.
Proposition 3.11. Let (M, g) be a Riemannian or Lorentzian manifold and gt the
canonical variation along a (timelike) unitary vector field E. If X,Y ∈ E⊥, then
gt(R
t
EXX,Y ) = g(REXX,Y ) +
t
2
(
− ε(∇Xdω)(X,Y ) + g(AE(X), X)g(AE(E), Y )
−2g(X,AE(Y ))g(AE(E), X) + g(AE(X), Y )g(AE(E), X)
)
.
Proof. From formula (6),
gt(R
t
EXX −REXX,Y ) = g((∇EDt)(X,X), Y )− g((∇XDt)(E,X), Y )
+ g(Dt(E,Dt(X,X)), Y )− g(Dt(X,Dt(E,X)), Y ).
As always, we use proposition 2.3 to compute each term. The first one gives
us g((∇EDt)(X,X), Y ) = t1+εtg(AE(X), X)g(AE(E), Y )+tg(AE(E), X)dω(X,Y ).
The second one.
g((∇XDt)(E,X), Y ) = Xg(Dt(E,X), Y )− g(Dt(E,X),∇XY )− εt
2
dω(∇XX,Y )
− t
2
g(E,∇XX)dω(E, Y )
=
εt
2
X(dω(X,Y )) − εt
2
dω(X,∇XY ) + t
2
g(∇XE, Y )g(∇EE,X)
− εt
2
dω(∇XX,Y ) + t
2
g(∇XE,X)g(∇EE, Y )
=
εt
2
(∇Xdω)(X,Y ) + t
2
(
g(∇XE, Y )g(∇EE,X)
+ g(∇XE,X)g(∇EE, Y )
)
.
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The third is g(Dt(E,Dt(X,X)), Y ) = εt
2
1+εtg(∇XE,X)g(∇EE, Y ) and the last one
vanishes. 
4. Standard canonical variation along a Killing vector field
Suppose that E is a Killing unitary vector field in a Riemannian manifold (M, gR)
and consider gL = gR − 2ω ⊗ ω the standard canonical variation along it. In this
case, from formula (4), we have
∇LUV = ∇RUV − 2
(
ω(U)∇RV E + ω(V )∇RUE
)
.
Moreover, from corollary 2.4, E is also Killing for gL.
The symmetric respect to E of a vector v = αE+Y , being Y ⊥ E, is v∗ = αE−Y .
The symmetric respect to E of a plane Π = span(X, v), being X ⊥ E, is the plane
given by Π∗ = span(X, v∗).
We denote KEL (Π) the lightlike sectional curvature of a lightlike plane Π of
(M, gL) respect to E.
Proposition 4.1. Let (M, gR) be a Riemannian manifold, E ∈ X(M) a Killing
unitary vector field and gL the standard canonical variation along E.
(1) If Π is a nondegenerate plane for gL, then KR(Π
∗) ≤ − cos(2θ)KL(Π),
being θ the angle between Π and E. Moreover, the equality holds if and
only if E ∈ Π.
(2) If Π is a degenerate plane for gL, then 2KR(Π
∗) ≤ KEL (Π).
(3) Given v ∈ TM it holds RicR(v, v) ≤ RicL(v∗, v∗) and the equality holds if
and only if v is proportional to E.
(4) The scalar curvatures SR and SL hold SR ≤ SL and the equality holds if
and only if E is parallel.
Proof. (1) Suppose Π = span(X,V ) where X and V are gR-unitary, V = αE + Y
and X ⊥ Y ⊥ E. Since E is Killing,
(7)
∇RX(dω)(X,Y ) = 2
(
gR(∇RX∇RXE, Y )− gR(∇R∇R
X
X
E, Y )
)
= −2gR(RREXX,Y ).
Now, recall that gL corresponds to the values t = −2 and ε = 1 in formula (3) and
therefore, applying theorems 3.2, 3.6 and 3.11, we get
gL(R
L
V XX,V ) = gR(R
R
V ∗XX,V
∗) + 6gR(∇RXE, Y )2,(8)
and we obtain the result.
(2) It follows from equation (8).
(3) Suppose v = αE + X with X ∈ E⊥. Using corollary 3.5, RicL(E,E) =
RicR(E,E). From proposition 3.11 and formula (7), RicL(E,X) = −RicR(E,X)
and by corollary 3.8, RicL(X,X) = RicR(X,X)−2gR(RRXEE,X)+6gR(∇RXE,∇RXE).
Since E is Killing, gR(∇RXE,∇RXE) = gR(RRXEE,X) and therefore
RicL(v, v) = RicR(v
∗, v∗) + 4gR(∇RXE,∇RXE)
and the result follows.
(4) Since E is Killing, ||AE ||2 = RicR(E,E) and thus, corollary 3.9 gives us SR +
2RicR(E,E) = SL. The statement holds now trivially. 
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The existence of a Killing vector field on a Lorentzian manifold with an isolated
zero implies that M has even dimension, [2]. We can proof the following related
result.
Theorem 4.2. Let (M, gL) be a compact Lorentzian manifold with negative sec-
tional curvature on timelike planes. If there exists a timelike unitary Killing vector
field, then M has odd dimension.
Proof. Take gR = gL+2ω⊗ω. Applying above proposition, if Π is a plane containing
E, then KR(Π) = −KL(Π) > 0. Since E is also unitary and Killing for gR (see
corollary 2.4), using Berger’s theorem ([4, 10]), M has odd dimension. 
Example 4.3. Since the Lorentzian Berger sphere (S2n+1, gL) is obtained as the
standard canonical variation of the Euclidean sphere along the Hopf vector field
E, we have 2 ≤ KE(Π) for all degenerate plane and the scalar curvature is SL =
2n(2n+ 3).
We give now an application to using Bochner techniques. Given a Killing vector
field U in a compact semi-Riemannian manifold (M, g), it holds∫
M
||AU ||2dg =
∫
M
Ric(U,U)dg.
Therefore, in the Riemannian case, we have
(9) 0 ≤
∫
M
RicR(U,U)dgR.
Moreover, if U is nonzero everywhere and we take {e1, . . . , en−1, U|U|} an orthonor-
mal basis, then
||AU ||2 =
n−1∑
i=1
gR(∇ReiU,∇ReiU) +
1
gR(U,U)
gR(∇RUU,∇RUU)
and so we can refine inequality (9) obtaining
(10) 0 ≤
∫
M
(
RicR(U,U)− 1
gR(U,U)
gR(∇RUU,∇RUU)
)
dgR.
In the Lorentzian case, even if U is timelike, ||AU ||2 and
∑n−1
i=1 gL(∇LeiU,∇LeiU) do
not have sign and we can not obtain the inequalities (9) nor (10). Neverthess, in
[18] it is observed that ||AE ||2 ≥ 0, where E is the unitary of U , and thus if U is
timelike and Killing it holds∫
M
1
gL(U,U)
RicL(U,U)dgL ≤ 0.
Using the canonical variation we can prove a similar inequality to (10) in the
Lorentzian case. First, we need some preliminaries lemmas.
Lemma 4.4. Let (M, g) be a semi-Riemannian manifold and E ∈ X(M) a vector
field with g(E,E) = c ∈ R − {0}. Suppose that E is orthogonally conformal, i.e,
(LEg) (X,Y ) = 2ρg(X,Y ) for all X,Y ∈ E⊥, and take λ ∈ C∞(M). Then U = λE
is conformal if and only if
E(λ) = λρ,
cX(λ) = −λg(∇EE,X) for all X ∈ E⊥.
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Proof. It is enough to use the formula LU = λLE + dλ⊗ ω + ω ⊗ dλ. 
Lemma 4.5. Let (M, gL) be a Lorentzian manifold and U a timelike confor-
mal/Killing vector field with unitary E. Then U is also conformal/Killing for the
canonical variation along E.
Proof. Just apply corollary 2.4 and above lemma. 
Theorem 4.6. Let (M, gL) be a compact Lorentzian manifold and U a timelike
Killing vector field. Then
0 ≤
∫
M
(
RicL(U,U)− 2
gL(U,U)
gL(∇LUU,∇LUU)
)
dgL.
Proof. Call E the unitary of U (U = λE) and consider gt the canonical variation
along E. For 1 < t < 2, we have
0 ≤
∫
M
Rict(U,U)dgt,
since gt is Riemannian and U is Killing. Using corollary 3.5,
Rict(U,U) = λ
2Rict(E,E) = λ
2
(
RicL(E,E)− tdiv∇LEE + t(t− 2)||A′E ||2
)
= RicL(U,U) +
2t
λ2
gL(∇LUU,∇LUU)− tdiv∇LUU + t(t− 2)λ2||A′E ||2
But ||A′E ||2 ≥ 0 and dgt =
√
|1− t|dgL. Therefore
0 ≤
∫
M
(
RicL(U,U)− 2t
gL(U,U)
gL(∇LUU,∇LUU)
)
dgL,
for 1 < t < 2. Taking t→ 1 we get the result. 
Example 4.7. In general, the integral (10) is not positive in the Lorentzian case.
In fact, let (N, g0) be a compact Riemannian manifold, f ∈ C∞(N) a positive
function and consider (M, gL) =
(
N × S1, g0 − f2dt2
)
. The vector field U = ∂t is
timelike and Killing and it is easy to show that∫
M
(
RicL(U,U)− 1
gL(U,U)
gL(∇LUU,∇LUU)
)
dgL = −
∫
M
gL(∇f,∇f)dgL ≤ 0.
5. Standard canonical variation along a closed vector field
Suppose that E is a closed unitary vector field in a Riemannian manifold (M, gR)
and consider gL = gR − 2ω ⊗ ω the standard canonical variation along it. From
formula (4), we have
∇LUV = ∇RUV + 2gR(∇RUE, V )E.
In particular, the shape operators of the orthogonal leaves of E in (M, gR) and
(M, gL) coincide.
Proposition 5.1. Let (M, gR) be a Riemannian manifold, E ∈ X(M) a closed
unitary vector field and gL the standard canonical variation along E.
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(1) If Π is a nondegenerate plane for gL, then
− cos(2θ)KL(Π) = KR(Π) + 2 sin2(θ)
(
KˆR(p(Π))−KR(p(Π))
)
,
where θ is the angle between E and Π, KˆR is the induced curvature on the
orthogonal leaves of E and p is the orthogonal projection onto E⊥.
In particular, KL(Π) = −KR(Π) for any plane containing E.
(2) If Π is a degenerate plane for gL, then
KEL (Π) = 2KR(Π) + 2
(
KˆR(p(Π))−KR(p(Π))
)
.
(3) For any v ∈ TM , it holds
RicL(v, v) = RicR(v, v) + 2gR(AE(v), v)divR E
− 2gR(AE(v), AE(v)) − 2gR(RRvEE, v).
(4) SL = SR + 4E(divR E) + 2
(
||AE ||2 + (divRE)2
)
.
Proof. Suppose Π = span(X,V ) where X and V are gR-unitary, V = αE +
Y and X ⊥ Y ⊥ E. Applying theorem 3.2, 3.6 and proposition 3.11, we get
gL(R
L
V XX,V ) = gR(R
R
VXX,V )+2
(
gR(AE(X), X)gR(AE(Y ), Y )− gR(AE(X), Y )2
)
and we can easily deduce points 1 and 2.
(3) It follows from corollary 3.5, 3.8 and proposition 3.11.
(4)Use that RicR(E) + E(divR E) + ||AE ||2 = 0 and corollary 3.9. 
Theorem 5.2. Let (M, gR) be a Riemannian manifold, E ∈ X(M) a closed unitary
vector field and gL the standard canonical variation along E. If E is complete and
nonparallel, then there exists a point p ∈M such that SR(p) < SL(p).
Proof. Suppose that SL ≤ SR for all points in M . Using above proposition,
2E(divRE) + (divR E)
2 ≤ 2E(divRE) + ||AE ||2 + (divRE)2 ≤ 0.
Since E is complete, divR E = 0 and SL = SR + 2||AE ||2 ≥ SR ≥ SL. Therefore
||AE ||2 = 0 and E is parallel. 
Now, we are interested in knowing whether the completeness is preserved by the
canonical variation. In general, this does not hold, as the following examples show.
Example 5.3. Take (L, g0) a complete Riemann manifold and the warped product
(R × L,−dt2 + f2(t)g0). The standard canonical variation along ∂t is gR = dt2 +
f2(t)g0, which is always complete. However, we can choose f such that −dt2 +
f2(t)g0 is not complete, [20].
Example 5.4. Consider the Lorentzian plane (R2, gL = −dx2 + dy2). Call
f(x, y) = e−(x+y), a(x, y) =
1 + f(x, y)2
2f(x, y)
, b(x, y) =
1− f(x, y)2
2f(x, y)
.
Now, E = a∂x + b∂y is a timelike unitary vector field and the standard canon-
ical variation along it is gR = (2a
2 − 1)dx2 + (2b2 + 1)dy2 − 4ab dxdy. Take
γ : [0,∞) → R2 given by γ(t) = (t, t). It escapes any compact subset of R2,
but lims→∞
∫ s
0
√
gR(γ′, γ′) =
√
2
2 . Therefore, (R
2, gR) is incomplete.
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An important case when completeness is preserved is when E is a Killing vector
field. In this case, if (M, gR) is complete, then it is also (M, gL). Using this,
it follows that a compact Lorentzian manifold furnished with a timelike Killing
vector field is complete, [19].
We can prove another case when completeness is assured. For this, we give the
following definition.
Definition 5.5. Let M be a nondegenerate hypersurface of a semi-Riemannian
manifold (M, g). We say that M is strongly curved if its shape operator is semi-
definite.
Proposition 5.6. Let (M, gR) be a Riemannian manifold and E a complete, uni-
tary and closed vector field. If the orthogonal leaves of E are complete and strongly
curved, then (M, gR) is complete.
Proof. We can suppose thatM is simply connected. Hence, it splits as
(
R×L, ds2+
gs
)
, where ∂s is identified with E, L is an orthogonal leaf and gs is a Riemannian
metric on L for each s ∈ R, [13].
Suppose that the shape operator of the orthogonal leaves is semi-definite neg-
ative. Let v ∈ TxL and take V (s) = (0s, vx). Then, since [V,E] = 0, we have
d
ds
gR(V (s), V (s)) = 2gR(∇RV E, V ) ≥ 0. Thus gs(v, v) is an non decreasing func-
tion.
Call d the distance induced by gR in M , ds the distance induced by gs in L
and take {pn = (tn, xn)} a Cauchy sequence. Since d(pn, pm) ≥ |tn − tm| we have
that {tn} converges to, say, t0 and we can suppose that |tn − t0| ≤ δ for all n ∈ N
and certain δ ∈ R. Given 0 < ε < δ there is n0 ∈ N such that d(pm, pn) < ε for
m,n ≥ n0. Let γ(s) = (s(t), x(t)) be a curve with γ(0) = pm and γ(1) = pn. We
can suppose that |s(t)− t0| ≤ 2δ since on the contrary case, L(γ) > δ > d(pm, pn).
Now,
L(γ) =
∫ 1
0
√
s′(t)2 + gs(t)(x′(t), x′(t)) ≥
∫ 1
0
√
gs∗(x′(t), x′(t)) ≥ ds∗(xn, xm),
where s∗ = t0 − 2δ and therefore ds∗(xn, xm) ≤ d(pn, pm) < ε. Hence {xn} is a
Cauchy sequence in (L, gs∗) and so it converges. 
Theorem 5.7. Let (M, gL) a Lorentzian manifold and E a complete timelike uni-
tary and closed vector field. If the orthogonal leaves of E are complete and strongly
curved, then the standard canonical variation gR along E is also complete.
Proof. As it was said at the beginning of this section, the shape operators coincide
in (M, gL) and (M, gR), thus orthogonal leaves of E are strongly curved in (M, gR)
too. Applying above proposition we obtain that gR is complete. 
6. Lightlike hypersurfaces
Let (M, gL) be a Lorentzian manifold, E ∈ X(M) a timelike unitary vector field
and M a lightlike hypersurface. We can fix a lightlike vector field ξ ∈ X(M) with
gL(E, ξ) =
1√
2
and consider the screen distribution given by S = TM ∩E⊥. Given
U, V ∈ X(M), the second fundamental form of M is B(U, V ) = −gL(∇LUξ, V ). The
hypersurfaceM is totally geodesic if B = 0 and totally umbilic if B = ρg for certain
ρ ∈ C∞(M).
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We can decompose
∇LUV = ∇
L
UV +B(U, V )N,
∇LUξ = −τ(U)ξ −A∗(U),
where ∇LUV ∈ TM , A∗(U) ∈ S, τ is a one form and N =
√
2E+ ξ is the transverse
vector field to M . Recall that ∇Lξ ξ = −τ(ξ)ξ and N is lightlike and orthogonal to
S. Moreover, τ(ξ) = √2gL(∇Lξ E, ξ).
Observe that X0 =
1√
2
E + ξ is orthogonal to E and therefore ξ = − 1√
2
E +X0
and N = 1√
2
E +X0, i.e., N is the symmetric of −ξ respect to E.
If we consider gR the standard canonical variation, then gR(ξ, ξ) = gR(N,N) = 1
and N is gR-normal to M . Call I the second fundamental form of M in (M, gR).
Proposition 6.1. Given X,Y ∈ S, it holds
I(X,Y ) =
(
B(X,Y )− 1√
2
(LEgL) (X,Y )
)
N,
I(X, ξ) = −gL(∇LE+√2ξE,X)N,
I(ξ, ξ) = −(2gL(ξ,∇LEE) + τ(ξ))N.
Proof. By proposition 2.3, gR(D(X,Y ), N) = − 1√2 (LEg) (X,Y ) and thus we have
gR(I(X,Y ), N) = gR(∇LXY,N)−
1√
2
(LEg) (X,Y ) = B(X,Y )− 1√
2
(LEg) (X,Y ).
On the other hand gR(D(X, ξ), N) = −
√
2gL(∇Lξ E,X) − gL(∇LEE,X) and since
gR(∇LXξ,N) = 0, we get I(X, ξ) = −gL(∇LE+√2ξE,X)N .
Finally, gR(D(ξ, ξ), N) = −
√
2g(ξ,∇LNE) = −
(
2gL(ξ,∇LEE) + τ(ξ)
)
, and since
gR(∇Lξ ξ,N) = 0, we have I(ξ, ξ) = −
(
2gL(ξ,∇LEE) + τ(ξ)
)
N . 
If E is parallel and M is totally geodesic, then it is also totally geodesic in
(M, gR), but however, if M is umbilic, then it is not umbilic in (M, gR).
Recall that the lightlike mean curvature of M is given by HL =
∑n−2
i=1 B(ei, ei)
where {e1, . . . , en−2} is an orthonormal basis of S and the mean curvature of M as
hypersurface of (M, gR) by HR =
∑n−1
i=1 gR(I(vi, vi), N) being {v1, . . . , vn−1} a gR
orthonormal basis of TM .
Proposition 6.2. Let (M, gL) be a Lorentzian manifold, E ∈ X(M) a timelike
unitary vector field and gR the standard canonical variation along it. Take M a
lightlike hypersurface.
• HR = HL −
√
2divLE + τ(ξ).
• If M is compact and orientable, then ∫
M
HLdgR = 0.
Proof. If {e1, . . . , en−2} an orthonomal basis in S, then {e1, . . . , en−2, ξ} is a gR-
orthonormal basis of M . Therefore, using proposition 6.1,
HR = HL −
√
2
n−2∑
i=1
gL(∇LeiE, ei)− 2gL(ξ,∇LEE)− τ(ξ).
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But now, observe that {e1, . . . , en−2,
√
2ξ + E,E} is an orthonormal basis and so
divLE =
n−2∑
i=1
gL(∇LeiE, ei) + gL(∇L√2ξ+EE,
√
2ξ + E)
=
n−2∑
i=1
gL(∇LeiE, ei) +
√
2τ(ξ) +
√
2gL(∇LEE, ξ).
For the second point, since gR(D(ei, ξ), ei) = 0 (corollary 2.4), we have div
M
R ξ =
−HL. 
We can easily obtain the following generalization of theorem 8 in [3].
Corollary 6.3. Let (M, gL) be a Lorentzian manifold, E a timelike unitary Killing
vector field and M a lightlike hypersurface. Consider gR the standard canonical
variation along E. The lightlike mean curvature of M vanishes if and only if the
mean curvature of M as hypersurface of (M, gR) vanishes.
In a time-orientable and orientable Lorentzian manifold satisfying the null con-
vergence condition (Ric(u, u) ≥ 0 for all lightlike vector u) any compact lightlike
hypersurface with nonpositive (or nonnegative) mean curvature is totally geodesic.
In fact, we only have to take into account second point of proposition 6.2 and the
well-known Raychaudhuri equation (see for example [7, 12, 17]). An standard ap-
plication of the Raychaudhuri equation also gives us that a lightlike hypersurface is
totally geodesic if the null convergence condition and the completeness of lightlike
geodesics of the hypersurface are assumed. Observe that this result is not appli-
cable to above situation because the compactness does not ensure, in general, the
completeness of the lightlike geodesics of the hypersurface.
We can obtain other results ensuring that a compact lightlike hypersurface is
totally geodesic under curvature hypotheses. First, we need the following lemma.
Lemma 6.4. Let (M, gL) be a Lorentzian manifold and U ∈ X(M) a timelike
Killing vector field with unitary E. If λ = |U |, then for any X ⊥ E we have
(11) gL(R
L
XEE,X) =
1
λ
gL(∇LX∇λ,X) + gL(∇LXE,∇LXE).
If U is a Killing vector field and M a compact hypersurface of a Riemannian
manifold (M, gR) with normal unitary N , then
(12)
∫
M
gR(U,N)HRdgR = 0.
Moreover, if M has constant mean curvature, then
(13)
∫
M
gR(U,N)||S||2 −RicR(N,U)dgR = 0,
where S(X) = −∇RXN is the shape operator of M and U is the gR-projection of U
onto M , [24].
Theorem 6.5. Let (M, gL) be a Lorentzian manifold, U ∈ X(M) a timelike Killing
vector field and M a compact lightlike hypersurface. Take E the unitary of U ,
λ = |U | and ξ ∈ X (M) a lightlike vector field with gL(ξ, E) = 1√2 . Call X0 the
orthogonal projection of ξ onto E⊥ and N the symmetric of −ξ respect to E. If
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• HL − gL(∇ lnλ, ξ) has sign.
• 0 ≤ RicL(N, ξ)+ △ lnλ− 4gL(∇LX0E,∇LX0E).
Then, M is totally geodesic.
Proof. First, observe that ∇LEE = ∇ lnλ and τ(ξ) = −gL(ξ,∇ lnλ). Take gR the
canonical variation along E = U
λ
. We know that U is also Killing for gR (lemma
4.5) and it is easy to show that gR(U,N) =
λ√
2
. Applying formula (12), we have∫
M
λHRdgR = 0. But, from proposition 6.2, HR = HL − gL(∇ lnλ, ξ) which has
sign. Therefore, HR = 0 and since the projection of U onto M is given by − λ√2ξ,
formula (13) gives us ∫
M
λ||S||2dgR = −
∫
M
λRicR(N, ξ)dgR.
Using corollary 3.5 and 3.8 and lemma 6.4,
RicR(N, ξ) = −1
2
RicR(E,E) +RicR(X0, X0)
= RicL(N, ξ)+ △ lnλ− 6gL(∇LX0E,∇LX0E)
+ 2
(
gL(R
L
X0E
E,X0)− 1
λ
gL(∇LX0∇λ,X0)
)
= RicL(N, ξ)+ △ lnλ− 4gL(∇LX0E,∇LX0E).
Thus, ||S||2 = 0 and from proposition 6.1, M is a totally geodesic lightlike hyper-
surface of (M, gL). 
Corollary 6.6. Let (M, gL) be a Lorentzian manifold, E ∈ X(M) a timelike unitary
Killing vector field and M a compact lightlike hypersurface. Take ξ ∈ X (M ) a
lightlike vector field with gL(ξ, E) =
1√
2
and N the symmetric of −ξ respect to E.
If
• HL has sign.
• 0 ≤ RicL(N, ξ) + 2KL(span(ξ,N)).
Then M is totally geodesic.
Proof. From lemma 6.4, gL(∇LX0E,∇LX0E) = gL(RLX0EE,X0) = − 12KL(span(ξ,N)).

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